We present a variational approach to evaluate relativistic corrections of order α 2 to the Bethe logarithm for the ground electronic state of the Coulomb two center problem. That allows to estimate the radiative contribution at mα 7 order in molecular-like three-body systems such as hydrogen molecular ions H + 2 and HD + , or antiprotonic helium atoms. While we get 10 significant digits for the nonrelativistic Bethe logarithm, calculation of the relativistic corrections is much more involved especially for small values of bond length R. We were able to achieve a level of 3-4 significant digits starting from R = 0.2 bohr, that will allow to reach 10 −10 relative uncertainty on transition frequencies.
Introduction
Considerable effort is currently devoted to high-precision laser spectroscopy of three-body molecular (or moleculelike) systems such as HD + [1, 2] , H + 2 [3] and antiprotonic helium [4] . These experiments aim at improving the present accuracy of the electron-to-proton and -antiproton mass ratios, for which the uncertainty of spectroscopic data, as well as of theoretical calculations of transition frequencies, should reach a level of about 0.1 ppb. Systematic evaluation of leading QED corrections up to the mα 6 order has improved the theoretical precision in hydrogen molecular ions [5] and antiprotonic helium [6] to 0.3-0.4 ppb and 1 ppb, respectively. The main source of theoretical uncertainty is the mα 7 order one-loop self-energy correction [7] , which so far has been evaluated only in hydrogenlike systems. Considering the aimed for accuracy, it is enough to calculate the relativistic Bethe logarithm with 3-4 significant digits and thus it may be obtained in the framework of the adiabatic approximation, i.e. for an electron in the field of two fixed nuclei.
For hydrogen-like ions, the one-loop self-energy contribution to the binding energy of an electron is traditionally expressed as follows [8] 
It is known that among mα 5 order terms, the Bethe logarithm (which appears in the low-energy part of the nonlogarithmic contribution A 40 ) is the most difficult quantity for numerical evaluation. Similarly, at the mα 7 order the low-energy part of A 60 contains the relativistic Bethe logarithm [9] [10] [11] [12] which gives rise to even more severe difficulties. In the present work, we describe a numerical method which allows to obtain these quantities with very good accuracy for a two-center system. The paper is organized as follows. In Sec. I, we briefly outline the origin of Bethe logarithm contributions in a nonrelativistic quantum electrodynamics (NRQED) approach [13, 14] and give their precise definition. In Sec. II, the asymptotic behavior of the integrands is derived. In Sec. III the numerical method is described in detail, and finally, the nonrelativistic and relativistic Bethe logarithms are calculated for the hydrogen atom, hydrogen molecular ions and antiprotonic helium.
I. BETHE LOGARITHM: DEFINITIONS
In this Section natural relativistic units (h = c = m = 1) are used, while starting from Sec. II we switch over to the atomic units, which are more suitable for numerical calculations.
As a starting point, we take the nonrelativistic Hamiltonian
where r 1 and r 2 are the distances from the electron to nuclei 1 and 2, respectively. The case of Z 1 = Z 2 = 1 corresponds to the hydrogen molecular ions and Z 1 = 2, Z 2 = −1 to the antiprotonic helium atom.
A. The NRQED one-loop self-energy at the mα 5 order (low photon energy)
The leading order NRQED interaction with the magnetic field is determined by
The first term in this expression is the "dipole" interaction, while the second one is called Fermi's interaction.
FIG. 1:
The NRQED diagram for the leading order one-loop self-energy contribution
It may be shown [15] that the NRQED diagram in Fig. 1 with the Fermi-type interactions on one or both sides of the transverse photon line give vanishing contributions. Thus the low energy part contribution, which stems from the NRQED diagram in Fig. 1 with two dipole vertices may be expressed:
where δm is a "mass renormalization" term. Here and throughout this paper it is assumed that in . . . on the left and right-hand sides of brackets stands ψ 0 , a stationary Schrödinger eigenstate of the Hamiltonian operator of Eq. (2), if not otherwise stated.
To get the leading mα 5 order contribution, one neglects retardation, replacing the exponential factors in (3) by unity, which leads to the nonrelativistic dipole approximation
with
The integral in (4) contains a linearly divergent term which corresponds to the electron's mass renormalization, as was shown by Bethe in 1947 [16] . It also contains a logarithmic term, where the dependance on the cutoff parameter Λ is canceled by the logarithmic contribution from the high-energy part [17] . After these two terms are dropped out, the remaining nonlogarithmic contribution at order mα 5 may be written (E h = mα 2 is the Hartree energy)
and determines the numerator of the Bethe logarithm, while the denominator is expressed by
The Bethe logarithm itself is defined as the ratio
Here n denotes a set of state quantum numbers.
B. One-loop self-energy contributions at the mα 7 order
Here, for convenience of reading, we keep the notation of [12] wherever possible. There are three types of relativistic corrections to the leading order expression (4), which give a contribution at order mα 7 :
FIG. 2: NRQED diagrams for relativistic corrections to the electron line, which contribute to self-energy at order mα 7 .
1. Relativistic corrections due to the Breit-Pauli interaction ( Fig. 2 )
where
Here Q is a projection operator: Q = I −|ψ 0 ψ 0 |. Eq. (10) represents the third order term in the Rayleigh-Schrödinger perturbation theory. The relativistic Breit-Pauli Hamiltonian for the two-center problem is expressed
the spin interaction is neglected.
For reasons which will be discussed later, it is convenient to split P
rc into two parts: I ) with a magnetic field are determined by [14, 18] 
thus modifying vertex functions as shown on the diagrams in Fig. (3) ; one gets
3. It remains to consider the effect of retardation (see Eq. (3)). We obtain the nonrelativistic quadrupole contribution, which results from the Taylor series expansion of e i(kr) = 1+i(kr)−(kr) 2 /2+. . .
where k = kn.
Similarly to the nonrelativistic Bethe logarithm considered above, the relativistic Bethe logarithm corresponds to the finite part of the integrals (9), (12) and (14), i.e. divergent terms in Λ must be subtracted [12] . It is thus essential to study the asymptotic behavior of the integrands in the k → ∞ limit.
II. ASYMPTOTIC BEHAVIOUR OF THE INTEGRANDS AT k → ∞
Our approach to obtain asymptotic expansions stems from ideas first formulated by C. Schwartz in [19] . The first step is to note that in expression (4) the integrand's form is that of a second-order perturbation correction. It may be calculated via the first-order perturbation wave function ψ 1 , which can be obtained by solving the differential equation
and then one calculates the integrand by evaluating
A. Nonrelativistic Bethe logarithm
The first order nonrelativistic perturbation wave function for k → ∞ to a good extent may be approximated (see [19, 20] ) by
here µ = √ 2k. This function has a proper behaviour at r → 0. By substituting (18) [19, 20] ) one gets for the nonrelativistic dipole term
in which all terms (including the last one in ln k/k 3 ) are correct. For higher-order terms in 1/k we use the same expansion as for the hydrogen atom
which is in the latter case known analytically [21] (See also [9] ).
B. Relativistic Bethe logarithm
Substituting again the wave function ψ 1 from (18) into the matrix elements which appear in the integrands P i (k) in Eqs. (15), (11a), (11b) and (13), one gets
For higher order terms, in the case of P nq , P (1a) rc and P (2) rc the form of the asymptotic expansion is found to be similar to the nonrelativistic Bethe logarithm (Eq. (20)), for example:
with equivalent expressions for P nq (k) and P
term has an essentially different asymptotic behavior:
This is one of the reasons why the P
rc term has been separated in two contributions. In actual calculations coefficients of the asymptotic expansion A, B, C, and F are calculated from expectation values of the operators appearing in the Eqs. (21a)-(21d), while the unknown coefficients D, Q, and S are obtained by fitting of the numerically evaluated integrand using Eqs. (22)- (23).
C. Final expression of the relativistic Bethe Logarithm
In view of the asymptotic expansion obtained in the previous paragraph, the relativistic Bethe logarithm, which is given by the finite part of the integrals (9)- (14), can be written as follows:
Here the terms which are subtracted from the first line of each equation appear in the expansions due to a formal Taylor series expansion in powers of (Zα) 2 of the QED one-loop self-energy correction, which is expressed [8] :
here S F (r, r , E) is the Dirac-Coulomb propagator and ψ D 0 is the Dirac wave function. These extra terms do not appear in asymptotic expansion of the integrand in Eq. (25) and should be withdrawn.
Thus our definition coincides with that of [12] (see prescriptions after Eq. (3.16) in that Ref.).
III. NUMERICAL SCHEME
Here we present a numerical scheme to evaluate the Bethe logarithm (8) and its relativistic corrections (24) for the two-center Coulomb problem.
A. Variational expansion
A variational expansion for the electronic wave function is taken in the form (Z 1 = Z 2 ) [22] :
where r is a distance from the electron to the z-axis and
For Z 1 = Z 2 the variational wave function should be symmetrized where (+) is used to get a gerade electronic state and (−) is for an ungerade state, respectively. Parameters α i and β i are generated in a quasi-random manner [23] 
Here x designates the fractional part of x, p α is a prime number, and [A 1 , A 2 ] is a real variational interval, which has to be optimized. Parameters β i are obtained in a similar way. Details may be found elsewhere [22, 24] . All the integrands in Eqs. (5), (15), (11a), (11b) and (13) have the form of a second-order perturbation expression, i.e. they involve an operator (E 0 − H − k) −1 . We thus diagonalize the matrix of the Hamiltonian for intermediate states to get a set of (pseudo)state wavefunctions ψ m and energies E m . A similar approach was used to compute the nonrelativistic Bethe logarithm for the three-body Coulomb problem in [20] .
The basis for intermediate states is constructed as follows.
(1) We use a regular basis set (with regular values of the exponents α, β), similar to that used for the initial state.
(2) We build a special basis set with exponentially growing parameters for r 1 : (3) We add a similar basis set for r 2 . Note that this last step may be omitted in the case Z 1 = Z 2 where the basis is symmetrized.
B. Nonrelativistic Bethe logarithm
After expansion on the basis for intermediate state, the expression of the integrand becomes
so the integral appearing in the low-energy part of the numerator is It remains to calculate the matrix elements of the impulse operator. Its standard components are
Assuming, from now on, that ψ 0 is a σ-state, action on ψ 0 of the impulse operator may be expressed as follows
Here z = (r
2 )/(2R). Using these relations then calculation of the matrix elements is straightforward [22, 24] .
C. Relativistic corrections to the Bethe logarithm
We devote one paragraph to each term of Eq. (24), giving additional details which are necessary for their numerical evaluation. Note that the terms β 1 are treated numerically in an independent way, which is a further reason for separating these two contributions.
1. For β
1 , the integrand can be written as
To evaluate ψ 1 |p 4 |ψ 1 , it is convenient to use the following identity (see Eq. (16)) Then
and, for arbitrary k, ψ 1 (k) may be expressed:
2. In order to get P (1b)
rc (k) we first solve the equation
It can be shown that ψ B behaves at small r 1 (or r 2 ) as
whereψ B (r 1 , r 2 ) is a regular function. Then equation forψ B (r 1 , r 2 ) may be written
Thus substituting ψ B (r 1 , r 2 ) from Eq. (39) into Eq. (11b), one gets
The derivation of matrix elements involving logarithms may be found in the Appendix. 3. For the evaluation of P nq (k), Eq. (15) must be transformed to separate contributions from operators of different ranks. Denoting Here the quadrupole operator is defined as
and its standard components are
Matrix elements can be computed from the relations (valid for a σ state):
Here r ± and p ± are standard components of vector operators r and p, respectively. Finally, the matrix elements of the [r × p] operator can be obtained from
4. In the expression of P
rc (k) in Eq. (13), the two terms can be respectively written as
and We now show that the second term does not contribute here. Since right-hand transition does not change spin, then on the left-hand side we may keep only those terms, which contain σ z :
This contribution results in fine splitting of the main line, which is spin-dependent, and thus will not be considered here.
IV. RESULTS

A. Nonrelativistic Bethe logarithm
First we perform calculations of the nonrelativistic Bethe logarithm for the two-center Coulomb problem for two cases: Z 1 = Z 2 = 1 and Z 1 = 2, Z 2 = −1. Results are plotted in Fig. 4 . The numerical data for β nr (R) is as accurate as 10 significant digits and has been obtained for a large range of internuclear bond lengths R = 0 − 7 a.u. with a step of 0.05 a.u. For the hydrogen molecular ion our results are in a good agreement with previous calculations [25] . The complete Tables are too lengthy to be reported here and may be found in the Supplemental Material [26] .
B. Relativistic corrections to the Bethe logarithm
The numerical scheme has been tested on the ground state of the hydrogen atom. Our results are β 1 (1s) = −3.268 213 19, β 2 (1s) = −40.647 026 693. β 3 (1s) = 16.655 330 436, They are in perfect agreement with the ones of [12] .
The main results of this work are presented in Tables I and II The numerical calculations have been performed in multiple precision arithmetic with 64 decimal digits. Special care has been required for the nonrelativistic quadrupole contribution at small R, in this case a 96 decimal digit arithmetic has been used.
It is worth noting that in the region where the wave function is essentially nonzero the quantity L/N (R) is about constant: L/N (R) ≈ 6.5 for Z 1 = Z 2 = 1 and L/N (R) ≈ 9.7 for Z 1 = 2, Z 2 = −1. That may help in a qualitative estimate within 2-3 digit accuracy of the one-loop self-energy contribution to the transition frequencies of not only hydrogen molecular ions but also of the neutral hydrogen molecule H 2 .
In conclusion, we have computed the low-energy part of the mα 7 order self-energy correction for the two center problem, with a numerical accuracy that exceeds 3 significant digits, in the whole range of internuclear distances R ∈ [0. 2, 7] . Calculation of the high energy part is under consideration now. A complete result then should be averaged over vibrational wave functions to get proper correction for ro-vibrational transition frequencies at the mα 7 order. Taking into account as well the vacuum polarization and two-loop electron self-energy contributions at this order we expect that a relative precision for transition frequencies will be at a level of 10 −10 or better both for hydrogen molecular ions and for antiprotonic helium.
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Appendix: Two-center matrix elements involving ln r1 or ln r2
In this Appendix we want to consider an analytical evaluation of the two-center integrals of type [22] , which contain either ln r 1 or ln r 2 as a multiplier. We start from the basic integral:
and
Summing up the two contributions we obtain a final expression
To generate other integrals one may use In this Supplemental Material, we give the nonrelativistic Bethe logarithm (Table I ) and more extensive results for its relativistic corrections (Tables II and III) , both for the ground electronic state of H + 2 and He +p . These additional data are helpful for computational use to perform more accurately averaging over vibrational wave functions. 
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